SPECIAL THEORY OF RELATIVITY
EINSTEIN'SPOSTULATES
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1. The speed of light isthe samefor all observersin all inertial frames of reference.

2. Thelaws of physics aswe know them arethe samefor all inertial frames of reference.
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Re-group the numerator and denominator
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RELATIVISTIC LENGTH CONTRACTION

Remember from the beginning that x=K(x'+ V)

The length of an object is determined by taking the differ ence between the two x coor dinates:

_ [ﬂx'z + V[ﬂz) - (X'l + V[ﬂl)[

Lo=Xo—X1 = (K(X'2 +V[ﬂ2) - K(X'l +V[ﬂ1))

Reorganizetheterms so that the x's are together and thet's aretogether:

L= (X'2 - X']_) N V [G'['Z - tll)

But to measure thelength of an object you must mesure both x's
at the sametimethereforethet's must be the same!

Thedifference x'p — x'1isequal to thelength L of the object in the
moving frame of reference and so therefore:

and finally cross multiplying L=

whereL,isthelength of the object as measured when the observer isat rest relative to
the object and where L isthelength measured when the observer is moving with a
velocity V relative to the object.
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RELATIVISTICTIME DILATION

Likewise, thetimetransformation between the rest frame and the moving frame of referenceis given by:

- k2 - 1)

(KY) + K

Asbeforethelength of atimeinterval is equal to the differencein two different times:

HQLQK _1) D % k2 - 1) U

o=th—t = + K@
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Again reorganizing terms so asto group thex'sand thet's separ ately:

KZ-1
To=K [qt'z - '['1) + (X'2 - X'l) K )

But just asbefore, it isunnecessary to change your position while measuring the timeinterval

X'2=-%x1=0 and so the equation becomes To=K [Qt'z - t'l)

Again replacing K and recognizing that t', — t'q isthelength of thetimeinterval T that passesin
the moving frame of reference. Finally giving:

or

where: T,isthetimethat passesin therest frame, T isthetimethat passesin the moving frame, and
whereV isthevelocity if the observer relative to the system being observed.
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RELATIVISTICVELOCITY TRANSFORMATIONS

From beforeit was shown that therelationship between the velocity measurein therest frame vsthe velocity
measur e from the moving frameis given by:

vV'+V
V=
(K2 _ 1) If weisolatethe part of the denominator that includes K and simplify:
1+ Z—N'
K™V
2
c 1 cz—(cz—Vz)
K% -1 (Eovy) T A vy
KZBV 02 v B CZBV B CZBV 02
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: -1 V' : : :
Replacing with — you get: v = the resulting velocity transfor mation!
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RELATIVISTIC MASS EXPANSION

Oneof the so called relativistic invariantsis momentum conser vation. What this meansisthat if momentum
isconserved in oneinertial frame of reference, it must also be conserved when observed from any other
inertial frame of reference. To do thisconsider a collision wher e two objects, whose masses are identical
when measured at rest in the same frame of reference, are observed to collide from two different frames: the
rest frame and the center of mass frame of reference.

Rest frame

V. Vs
e e

Before After

Center of mass frame

V V
(Both at rest)

v, VA
run L i vow] e
Before After

Intherest framecart my isinitially moving toward theright with a velocity v, when it collideswith cart m,
which isinitially at rest. After the collision the two cars stick together and move off to theright with areduced
velocity va. When this same collision is observed from the center of mass frame of reference cart my isinitially
moving to theright with a velocity v;' while cart m, ismoving to the left with a velocity of m,'. After the
collision both cartsare at rest in the center of mass frame of reference.

Sincethe carts after are movingto theright with avelocity vsin therest framewhilethey areat rest after in
the center of mass frame, the velocity of the center of massframeV and thefinal velocity in therest framevs
must be the same.

Likewise, sincethe velocity of m, wasinitially zero in therest framewhileit isvy' in the center of mass frame,
the velocity in the center of mass frame must be due exclusively to the motion of the center of massframe.
Therefore, v," must also be equal to the velocity of the center of massframeV.

Finally, if the total momentum of the system in the center of massframeiszero after the collision it must also
be zero before the collision. This can only betrueif the momentum's of m; and m, are equal but opposite
before and after. Assuming that both masses, m; and m,, have the same massthen v;" must equal v,'. But since
we have already shown that v,' isequal to V we cometo the conclusion that v,'=v,'=v3=V. All v'sin the
problem, except for v,, are equal to V, the velocity of the center of mass frame of reference.
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RELATIVISTIC MASS EXPANSION - CONTINUED

Now previously we have shown that the velocity V= ﬂ
between two different inertial systems of reference 1+ ﬂ
can be transformed through: C2
But because of the arguments above we have shown that 2V
all of the velocities measured from the center of mass V=
frame of reference are equal to the velocity of the center V2 (1)
of mass frame of reference V. Because of thisthe velocity 1+—
transfor mation equation becomes: 02

Because of momentum conservation the collision in therest frame of reference can be described by:
mqlvq = (m1+ m2) g = (m1+ mz)m/ (2

wherevszisequal toV asshown previously. Sincethereisonly one velocity remaining in therest framev,, we
will drop the subscript and usev for v,

2V [
The next step will beto substitute 5 L= ml + m2) v
equation (1) into equation (2). E‘l N V_ [
2 M
0 c O
. D
Multiply both the numerator and ZVE
PY mﬂ?ﬁ == (m+ my)w
denominator of (1) by c2. D? + V D
Hove® [
Move both m,'sto the same side of the equation. mltﬁﬂ ﬁ— mV = mylV
2+ V20
2 200
Hovie? H +V
Find a common denominator. ml[ﬁfl E ﬁ EV[E: ﬁ: moV
2+ V20 2+ V20
0 »@2 O 2,20
Divide both sidesby V. mltﬁﬂ = ﬁ— mﬂ% ﬁ= mp
2 +viO 2 +viDo
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RELATIVISTIC MASS EXPANSION - CONTINUED

%@Z—CZ—VZH_ 2—V29_
Combinetermson theleft side 1 2 o Moy omm 2
' [] C tVvo ] (e"+V 1]

Put both m'son the left side of the equation my

and take the squareroot of the squareon the =

right side. mq

4 2 4 4 2,2 4 2,2
Expand the squar e of the numer ator mz ¢’ -26"+V _ | +2[TNV " +V -4V

and complete the square. mq ( 2 V2)2 ( 5 V2)2
c + c +
Re-group the mp _ (C4 + 2022 + V4) _ 452y2 _ (02 .\ V2)2 T I.
numerator and square. mq ( 2 . V2)2 (c2 N V2)2
C
Which then becomes. :2 = (C2 * Vz)i - 4E2W/2 > = |[1- 4@251/2 5
1 (02+V2) (02+V2) (C2+V2)

Divide both the numerator 45°v° av?
and the denominator by c4 m 4 2 2.2
simplify and then divide 2y °c _|y._c __ |4
both the numerator and mq (02+V2)2 (c +V2) (02 + VZ)
denominator by (c2 + V2). 4 c4
c

m2 2V
Writing thisterm asa square. —=|1- = g@z

mq D:Z + V2 ]
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RELATIVISTIC MASS EXPANSION - CONTINUE

0 v %E}\igmz

And then dividing both the numer ator my U & U ) N CZ
and the denominator of the fraction by c2. — = |1- E‘Iﬁm 6= 1l-—
M O + veHd 0 20
O ol ":i U
Vo0 I g én

m | gav fa
If you the pull out the c2 from Hl = [1- Ui'—' E]E But what is contained within

inside the bracketsyou get.

V [l C  theparenthesisisthesameas

¢ EI

equation (1) = V!

]

Therefore — = solving for m1

where m, isthe mass of the cart measured when it isat rest in
therest frame[mg] and where m, isthe mass of the cart when
it ismoving in therest frame[m] and therefore:

MASS- ENERGY EQUIVALENCE

-1

2

Theequation for mass expansion can be written:

€ P m = mo[ﬁj. - (3)
c? D
According to the binomial expansion:
1 2 B°
A+B)" = A"+ na" VB + ngn - A" )[-12— + other

FveH

Applying the binomial expansion to equation (3) abovee A =1 B= o, n:= -
c™ [
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MASS - ENERGY EQUIVALENCE

Using the binomial expansion to expand the mass equation you get:

1o i
DZ -1 _° 207 -S 5, M [l
v -1 V -1 -3 C
c [l Oc™ O [l
0oov? o 3V -
— ]
Which becomes: m = m(H + > T gig Tothern
[] 2[d c []
Arguing that all terms after the 2 E
first two are diminishingly small m= mo[:ﬁﬁ—ﬁ
this becomes: ] ZEZD
V2
If thisis expanded and the simplified: m=mg+ mOE]—
2@
1
Multiply each term by c2: m@z = moEtz + > m,wz
R - 1 2_ 2 2
earranging: EmOBV = mld™ — mgyld
KE=TE-RE

Where Y/, m_V?isthekinetic energy KE, mc? isthetotal energy TE, and m c?istherest energy RE

Finally:
KE = mi6® - mgl@® =

Therefore: KE = RE[(K - 1)

THIS MAY BE THE END!
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